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Abstract 

For m € N, we give formulas for the number N(m) of irreducible components of 
the m-th Jet Scheme of a complex branch C and for their codimensions, in terms 
of m and the generators of the semigroup of C. This structure of the Jet Schemes 
determines and is determined by the topological type of C. 

1 Introduction 

Let k be an algebraically closed field. The space of arcs of an algebraic k— variety 
X is a non-noetherian scheme in general. It has been introduced by Nash in [N]. Nash 
has initiated its study by looking at its image by the truncation maps — y X m in 
the jet schemes of X.The m th —]et scheme X m of X is a k— scheme of finite type which 
parmametizes morphisms Spec — > X. From now on we assume char k = 0. In [N] . 
Nash has derived from the existence of a resolution of singularities of X, that the number of 
irreducible components of the Zariski closure of the set of the m— truncations of arcs on X 
that send into the singular locus of X is constant for m large enough. Besides a theorem 
of Kolchin asserts that if X is irreducible, then Xoo is also irreducible. More recently 
, the jet schemes have attracted attention from various viewpoints. In |Mus| .Mustafa 
has characterized the locally complete intersection varieties having irreducible X m for 
m > O.In [ELMJ , a formula comparing the codimensions of Y m in X m with the log 
canonical threshold of a pair (X, Y) is given. In this work, we consider a curve C in the 
complex plane C 2 with a singularity at at which it is analytically irreducible (i.e. the 
formal neighborhood(C, 0) of C at is a branch). We determine the irreducible components 
of the space := 7T~ (0) where 7r m : C m — > C is the canonical projection, and we show 
that their number is not bounded as m grows. More precisely, let x be a transversal 
parameter in the local ring 0^2 , i-e. the line x = is transversal to C at and following 
(ELM], for e G N let 

Cont e (x) m (resp.Cont >e (x) m ) := {7 G C m \ ord t x 07 = e(resp. > e)}. 

Let r(C) =< (3 , ■ ■ ■ ,/3 g > be the semigroup of the branch (C, 0) and let = 
gcd((3 ,--- ,/3j), < i < g. Recall that T(C) and the topological type of C near are 
equivalent data. We show in theorem 4.9 that the irreducible components of are 
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Omni = Cont K ~fo{x) 



for 1 < k and k/3o(3i + e\ < m, 



lis 

CL*,, = Cont e i-i (x) 



for 2 < j < g, 1 < k, k mod and + ei < m < 

5 m = Cont >ni9 (x) m , 
if gni/Si + ei < m < (q + l)niy3i + ei. 

These irreducible components give rise to infinite and finite inverse systems represented 
by a tree. We recover < /3 , • • • ,/3 g > from the tree and the multiplicity f3 in corollary 
4.13, and we give formulas for the number of irreducible components of and their 
codimensions in terms of m and (/3 , • • • ,/3 g ) in proposition 4.7 and corollary 4.10. We 
recover the fact coming from [ELM] and (I] that 

. codimjC^Cl) 1 1 

min m = = — h — . 

m+1 ft, ^ 

The structure of the paper is as follows: The basics about Jet schemes and the 
results that we will need are presented in section 2. In section 3 we present the definitions 
and the reults we will need about branches. The last section is devoted to the proof of the 
main result and corollaries. 
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2 Jet schemes 

Let k be an algebraically closed field of arbitrary characteristic. Let X be a fc-scheme of 
finite type over k and let m G N. The functor F m : k — Schemes — > Sets which to an 
affine scheme defined by a k— algebra A associates 

F m (Spec(A)) = Hom k (S P ecA[t]/(t m+1 ),X) 

is representable by a k— scheme X m [V]. X m is the m-th jet scheme of X, and F m is 
isomorphic to its functor of points. In particular the closed points of X m are in bijection 
with the k[t]/(t m+1 ) points of X. 

For m,p£N,m>p 1 the truncation homomorphism ^4[t]/(i m+1 ) — > A[t]/(t p+1 ) induces a 
canonical projection 7r mjP : X m — > X p . These morph isms clearly verify 7V m ^p o 7rq m — ^q,p 
for p < m < q. 

Note that Xq = X. We denote the canonical projection 7T TO) o : X m — > Xq by 7r m . 
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Example 1. Let X = Spec k j x f '"' '-f"! be an affine k— scheme. For a k-algebra A, to give 
a A-point of X m is equivalent to give a k-algebra homomorphism 

^ : t,n!"'-'.V/ri -> ^/(* m+1 )- 

The map (p is completely determined by the image of Xi,i = 0, • • • , n 

Xl ^( Xj ) = x f) + x f) t + . . . + x \ m h m 
such that fi((f)(x ), ■■■ , <f>(xn)) € (t m+1 ), I = 1, ■ ■ ■ , r. 
If we write 



M<KX ),--- ,4>(Xn)) = J2 F l 3) ^ 0) ^-- tim ° d (*' 



j=0 



where x^ = (x$ \ • • • , x?), i/ien 



X m = Spec 



(fp(.j)\j=0,--,m 
K r l >l=l,-,r 



Example 2. From f/ie above example, we see that the m-th jet scheme of the affine space 
is isomorphic to ^ n+1 ^ n and that the projection itm,™-! '■ {^k)m — > (A^) m -i is the 
map that forgets the last n coordinates. 

Lemma 2.1. If f : X — > Y is an etale morphism, then for every m G N, the following 
diagram 

Y — > V 
yv m 1 m 



X 



Y 



is cartesian. 

Proof : For a /c-algebra A, to give an ^4-point of Y rn x y X is equivalent to give a commu- 
tative diagram 



X 



Spec(A) 



Spec(A[t]/(t m+1 )) *■ Y 

which is equivalent to give a unique morphism Spec(A[t]/(t^ m+1 ^)) 
triangles commutative,since / is formally etale. 



X making the two 

□ 
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Corollary 2.2. If X is a nonsingular k— variety of dimension n, then all projections 
7Tm,m-i : X m — > X m —\ are locally trivial fibrations with fiber A£. Then in particular X m 
is a nonsingular variety of dimension (m + l)n. 

Proof : It is sufficient to prove that for every x £ X there exists an open neighborhood 
U of x such that U m ~ U A™ n . But since X is nonsingular, there exists an open neigh- 
borhood U of x and an etale morphism g : U — > AJJ. Then we deduce the claim from the 
above lemma . □ 

Let char(k) = 0, S = k[xo,--- .,x n ] and S m = k[x^°\--- .,x} m ^]. Let D be the 
A;— derivation on S m defined by D{pcf ) = (j + l)xf + ^ if < j < m, and D{x < f n " > ) = 0. 
For / G S let /W := £>(/) and we recursively define /( m ) = D{f^ m ~ 1 ^). 

Proposition 2.3. Let X = Spec(S/(f u • • • , / r )) = Spec(R) and R m = T(X m ). Then 

f k[x^\--- .,x^] 

Proof : For a /c— algebra A, to give an A— point of X m is equivalent to give an homomor- 
phism 

0: fc[x ,--- ;X n ] — > A[i]/(t m+1 ) 

which can be given by 

(0) (1) (m) 

0! I! to! 
Then for a polynomial / E S, we have 

™ f(i)f x (o) ... x (ih . 

0(/) = E ', 

To see this, it is sufficient to remark that it is true for f = X{, and that both sides of the 
equality are additive and multiplicative in /, and the proposition follows. □ 



Remark 2.4. Note that the proposition shows the linearity of the equations F- (xj°\ ■ ■ ■ ,xp^) 
defining X m with respect to the new variables i.e x^\ which is the algebraic point of view 
on the fibration in corollary 2.2. 



3 Semigroup of complex branches 

The main references for this section are [Zj,[MeJ,[AJ,|Sp|,[GPj,[GTj,[LRj. Let / G C[[a;,y]] 
be an irreducible power series, which is y-regular (i.e /(0, y) = y^°u{y) where u is invertible 
in C [[y]]) and such that multof = (3 Q and let C be the analytically irreducible plane 
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curve(for short branch) defined by / in Spec C[[x,y]]. By the Newton-Puiseux theorem, 
the roots of / are 

oo 

y = diW % x^° (1) 

where w runs over the ft — t/i-roots of unity in C.This is equivalent to the existence of a 
parametrization of C of the form 

x{t) = t Po 

y(t) = (Hi*. 

i>/3 

We recursively define ft = min{i, a, ^ 0, gcd((3o, • • • , ft-i) is not a divisor of i}. 
Let eo = ft anci e i = gcd(ei-\, ft),i > 1. Since the sequence of positive integers 

eo > e\ > ■ ■ ■ > ei > ■ ■ ■ 

is strictly decreasing, there exists g E N, sucht that e s = 1. The sequence (J3i, ■ ■ ■ -,/3g) is 
the sequence of Puiseux exponents of C. We set 

ei-i A . 

rtj := ,m, :=—,* = 1, ••• ,g 

and by convention, we set = +oo and n g +i = 1. 

On the other hand, for h E C[[x,y]], we define the intersection number 

(f,h) = (C,C h ) := dim c C j^ = ord t h(x(t),y(t)) 

where Ch is the Cartier divisor defined by h and {x(t)),y(t)} is as above. 
The mapping Vf : ^77^ — ^ N, h 1 — > (/, h)o defines a divisorial valuation. We define the 
semigroup of C to be the semigroup of Vf i.e T(C) = T(vf) = {(/, K)q E N, h ^ mod(f)}. 
The following propositions and theorem from jZ] characterize the structure of T(C). 

Proposition 3.1. There exists a unique sequence of g + 1 positive integers (ft), • ' ' , /3 g ) 
such that: 

i) Po = Po, 

ii) Pi = min{T_(C)\ <J3 Q , ■ ■ ■ ,0^ >}, 1 < i < 5, 
m)r(C) =< A), • • • ,P 9 >, 

where for i = 1, • • • , g + 1,< ft), • • • , ft_i > is the semigroup generated by ft, • • • , ft_i- 
.By convention, we set P g +i = +00. 

Proposition 3.2. T/ie sequence (ft), • • • verifies: 
i)ei_= gcd(0Q,-- ■ , ft), £ i < 5, 

m)A) = ft),ft = ft and ft = ft + Y!k2i ej ^^Pk,i = 2,---,g. 

iii) rnPi < ft +1 , 1 < i < g - 1 
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Theorem 3.3. The sequence (/3q,--- , f3 g ) and the sequence (/3o, ■ • • -,Pg) are equivalent 
data They determine and are determined by the topological type of C. 

Then from [2] or |Sp| , we can choose a system of approximate roots (or a minimal 
generating sequence) {xo, ■ ■ ■ , x g+ \} of the divisorial valuation Vf. We set x = xq, y = x\\ 
for i = 2, ■ ■ ■ , g + l,Xi £ C[[x,y]] is irreducible; for 1 < i < g, the analytically irreducible 
curve Cj = {xi = 0} has % — 1 Puiseux exponents and maximal contact with C and 
C 9 +i = C. This sequence also verifies 

i) Vf(xi) = fii,0<i<g, 

ii) T(Ci) =< • • • , ||=i > and the Puiseux sequence of Q is • • • , §fi),2 < i < 
g + 1. 

Hi) for 1 < % < g, there exists a unique system of nonnegative integers bij, < j < i such 
that for 1 < j < i, bij < nj and nj/3j = £o<j<ifrjj'/V And for < i < g, one can choose Xi 
such that they satisfy identities of the form 

)1i bin 1) \ 7n 7i I , \ 

ry* . ^ ry* / ' . ry* L *-> . # . X / ' . ry* ' * * * r Y* ' I 1 

'-f-'i+l — •''j ^i^q i—1 / j l >7 t ' V / 

7=(7D>- >7i) 

with ,0 < 7j < n-,-, for 1 < j < i, and HjjjPj > n$i and with Cj j7 , q £ C and Cj 7^ 0. These 
last equations (*) let us realize C as a complete intersection in C 9+1 = Spec C [[xq, • • • , xJ] 
defined by the equations 

ry~* . _ ( ry*^''^ s~t . /-y>^^0 /-ya ^ 1 } ^ . /^*0^0 ^ ry*^f^' \ 

1 — J'l+l "-i-^o i—1 / o i,7 J '0 i / 

7=(7o,- ,7») 

for 1 < i < g, with = by convention. 

Let h £ C[[x, y]] be a y-regular irreducible power series with multiplicity p = ord y h(0, y). 
j_ 1 

Let y{x l3 o) and z(xp) be respectively roots of / and g as in (1). We call contact order of 
/ and g in their Puiseux series the following rational number 

1 la 

Of(h) := max{ord x (y(wx ^0 ) — z(\xp )); w Po = 1, X p = 1} = 

max{ord x {y{wxf i o) — z(xp);w Po = 1} = 

j_ 1 
max{ord x (y(x Po ) — z(Xxp); X p = 1} = Oh(f)- 

The following formula is from |Me] . see also [GPJ . 

Proposition 3.4. Assume that f and h are as above; let (J3i,--- , j3 g ) the sequence of 
Puiseux exponents of f and let i < g + 1 be the smallest strictly positive integer such that 
°f(h) < 1^-. T/ien 

= > a Pk + ei-io f (h) 

Corollary 3.5. JGP] Leti > be an integer. Then Of(h) < ^ iff^y^ <&i-\j^- Moreover 
°f( h ) = % $ ^IT 1 = e i~ l m- In P artlcular °f( x i) = IS 1 < * < 9- 
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4 Jet schemes of complex branches 

We keep the notations of sections 2 and 3. We consider a curve CcC 2 with a branch of 
multiplicity /3q > 1 at 0, defined by /. Note that in suitable coordinates we can write 

f{x , si) = K 1 - cx™ 1 ) 61 + J2 c ah x a x\-c G C* and c ab G C. (o) 

a/3 +fe/3i>ft)/3i 

We look for the irreducible components of C^ n := (^^(O)) for every m G N, where 7r m : 
C m — > C is the canonical projection. Let be the radical of the ideal defining (ir^-(0)) 

In the sequel, we will denote the integral part of a rational number r by [r]. 
Proposition 4.1. For < m < n\fi\, we have that 

(0) Jm) JO) Jm), 



C\J ' ■■■ 

(C°J red = (tt-^O))^ = Spec ' 



, Xq , Xj , 



f T (°) ... T ([ ^ ]) T (°) ... T ([ ^ ] Y 

V x ' '0 ' 1 ' '1 / 

and 

r r (0) JO) ,>i/3i)i 

(C° 1/3l W = «*(<>))„* = Spec—- U_2 



f T (°) ... J ni ~ l) r {0) ••• r (mi_1) r (mi)ni -rr {ni)mi ) 
V x ' ' x ' x l ' ' x l ' x l cx / 



Proof : We write / = T l ^ b) c ab f ab where (a, 6) G N 2 , / a6 = xgx^, c ab G C and a/3 + bfc > 
/?o/?i(the segment [(0, /3o)(/?i, 0)] is the Newton Polygon of /). Let supp(f) = {(a, b) G 
N 2 ;c a6 /0}. 

For < m < n\j3\, the proof is by induction on m. For m = l,we have that 

= ^{a,b)asupp(f) C ^ F ab 

where (F^°\ • • • , FW) (resp.(F^, • • • , F^)) is the ideal defining the z-th jet scheme Cj of 
(7(resp. Cf fe the i-th jet scheme of C ab = {f ab = 0}) in Cf .Then we have 

ab ~ X x l x l 

where /3i(a + 6) > a/3o + 6/?i > /?o/3i so a + b > (3q > 1. Then for every (a, b) G supp(f) and 
every («i, • ■ ■ , i a , • • • , £ N a+fe such that Ylk=\ h = 1 there exists 1 < fc < a + 6 such 
that ifc = 0, this means that G (x^\x^) and since we are looking over the origin, 

we have that (xq°\x,°' ) ) C therefore (7rr 1 (0)) re ,i = Spec C ^° ^ ' Xl - (In fact this is 

(x{j ',x} ; ) 

nothing but the Zariski tangent space of of C at 0). 
Suppose that the lemma holds until m — 1 i.e. 



Kn-iWW = Spec 



r\r (0) ••• r {m - 1} r {0) ••• r (m_1) l 
M x ' ' x ' x l ' ' x l J 

r r (°) ... T ([2 ^r ]) T (o) ... r ([ ^ ] V 

V x ' '0 ' I ' '1 / 
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First case :If [^] = [jg] and = [^}. We have 

fw= ^ Cab j2 xS ii) ---xSf°M i - +i) ---4 io+6) 

(a,b)esupp(f) Y. i k=m 

Let (a, 6) G supp(f); if for every /c = 1, • • • , a, we had > f^ 1 ] + 1, and for every 
k = a + 1, ■ ■ ■ , a + 6, we had > [^] + 1, then 

m > a([-\ + 1) + &([-] + 1) > —a + —b = ™ ' R R > m. 
Pi Po Pi Po PoPi 

The contradiction means that there exists 1 < k < a such that < [^] or there exists 
a + l<k<a + b such that < [^]. So F( m ) lies in the ideal generated by J^-i in 

(Ht (0) ... <r (m) <r (0) ... T (m) l anH 7° - T° Cl-r^ ■■■ T (m) t (0) ... x (m) l 
h_[Xq , ,Xq ,x-^ , , J anu J m — J m _^.x^\XQ , , x Q , , x-^ j. 

Second case :If [^] = [jg] and [^] + 1 = [^] (i.e. /3 divides m). We have that 

(a,6)es«pp(/);(a,fe)^(0,A,) 



where 



(m) _ . . . A) _ ° _l x {il) ■ ■ ■ x {ipo) ■ 



K7>= E *?° + E 

but ^ ifc = m and (ii, • • • , ig ) / ■ ■ ■ , ^) implies that there exists 1 < k < po such 
that ij, < so 

(n) <- jO rrrJ ) J m ) J°) J m h 



E<fc="»i(<i.-,i/ Sb )^(f ,-,^) 
For the same reason as above, we have that 

V F {m) (= T° rfr (0) ••• r (m) r (0) ••• r (m) l 

(a,b)esupp(f);(a,b)^(0,Po) 

From (★★) we deduce that x-^ £ and 

pHwJ ... T ([ ff ]) T (o) ... T { W,\ Thpn to _ fr (o) ... (Ifr ]) (o) ... (^K 

r fc v x ' ' x ' x l ' > x l /■ Xll eii <J m ~ l x ' ' x > x l ' ' x l /" 
The third case i.e. if [^j^] + 1 = [^] and f 11 ^] = is discussed as the second one. 
Note that these are the only three possible cases since m < n\fi\ = lcm((3o, pi)(here 1cm 
stands for the least common multiple). 

For m = nipi, we have that F^ is the coefficient of t rn in the expansion of 

/( 4°) + x « t + . . . + x ^t m , 4 0) + 4^ + • • • + xt ] n. 
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But since we are interested in the radical of the ideal defining the m-th jet scheme, and 
we have found that Xq°\ • • • , Xq™ 1 - , x^" -1 ^ G ^m-i — we can annihilate 

Xq*\ • • • , Xq™ 1 1 \ • • • , x^™ 1 ^ in the above expansion. Using (o), we see that the 

coefficient of t m is (xf™ ™ 1 - cx Q ni)mi ) ei . □ 
In the sequel if A is a ring , 7 C A an ideal and f £ A, we denote by V(I) the subvariety 
of Spec A defined by / and by D(f) the open set {/ / 0} in SpecA i.e. D(f) = SpecAf. 
The proof of the following corollary is analogous to that of proposition 4.1. 

Corollary 4.2. Let m G N; let k > 1 be such that m = kn\f3i + i; 1 < i < ri\fi\. Then if 
i < niPi, we have that 

Cont>^(x ) m = (< fcril/3l (n4 0) , • • • , *? ni) )) W = 

\ T* ^ ^ ■ /7 1 ^ ^ ry» ^ ^ • • • ^ ^ 1 

fi,[Xg , , Xq , , X 1 j 



Spec 
and if i = nif}\ 

Spec 



(JO) (km) (*"!+[£]) JO) (fcmO T ( fcmi + [t ] \ 

V x ' ' ' '0 ' 1 ' '1 ' '1 / 



« foll , 1 (^(4 0) r-- ) 4 fcni) ))),e.' 



Mr (0) ... r (m) r (0) ••• r (m) l 

A-|Xq , , Xg , x-^ , , x x j 



, (0) ((fc+l)m-l) (0) ((fc+l)mi-l) ((W)«,) ra V 

We now consider the case of a plane branch with one Puiseux exponent. 

Lemma 4.3. Let C be a plane branch with one Puiseux exponent. Let m, k £ N, such that 
k / and m > knif3\ + 1, and let Tt m ^n Y fi\ '■ C m — > Cjfc„ 1/ g 1 be the canonical projection. 
Then 

is irreducible of codimension k(m\ + n\) + 1 + (m — knij3\) in C^. 

Proof : First note that since e\ = 1, we have mi = |^ = /?i.Let Z ^ be the ideal defining 
in C2 t n£>(4 fcni) ). Since m > fcnift, by corollary 4.2, • • • , xf mi_1) G 7™.So /^ fc is 

the radical of the ideal i*>* := (argV" , af 1 "^. 4°^ ■ " " .iS^" 1 '.^',- ,F( m )).Now 
it follows from o and proposition 2.5 that 

F (0 G ( x (°) r .. ^g^-^xfV-- ,4 femi_1) ) /or 0<Z<fcnimi, 

^^(taov^r mod (x <w... ,4^^), x f),... .x^- 1 ^ 

+ ff,fr (0) ••• T (fcni+,-1) r (0) ••• T ( fcmi+, - 1 )'| mod fr (0) ••• r^- 1 ) r (0) ••• r (fcmi_1) l 
for 1 < I < m — kn\m\. 

This implies that P^ k := (x ( q\--- , xf ni_1) , x[° } , • • • , x[ femi_1) , F^ knimi \ ■ ■ • , F( m )). More- 
over the subscheme of C^ri-D(xQ fcni ' > ) defined by is isomorphic to the product of C*(C* 



4 JET SCHEMES OF COMPLEX BRANCHES 



10 



is isomorphic to the regular locus of x\ — cXq ) by an affine space and its codi- 

mension is k(m\ +n\) + 1 + (m — kn\m\); so it is reduced and irreducible, and it is nothing 
but , or equivalently 1^ = I^ k . 

□ 



Corollary 4.4. Let C be a plane branch with one Puiseux exponent. Let m G N,m / 0. let 
q G N 6e suc/i £/ia£ to = qnifii + i;0 < i < n\fi\. Then = ^^(O) /ias q + 1 irreducible 
components which are: 

CrnkI = Cg,l<k<q, 

and B m = Cont>^{x) m = < ?ni/3l (^rf, ■ " ■ .sir ))- 

We /mue £/ia£ 

codim(C m ki , C^J = fc(mi + ni) + 1 + (m — knim\) 

and 

codim(B m , C 2 m ) = q( mi + m) + [-1] + [-1] + 2 = [^] + [^] + 2 i/ i < mpi 

P0 Pi Po Pi 

codim(B m , C^) = (<? + l)(mi + ni) + 1 z/ i = n\fi\. 

Proof : The codimensions and the irreducibility of B m and C m fc/ follow from corollary 4.2 
and lemma 4.3. This shows that if 1 < k < k' < q,codim(C mk 'j,C 2 m ) < codim(C mk i , C 2 ^ 



then C m k'j C m ki- On the other hand, since C mk /j Q ^(xg fcni ^) and C m ki % V(x^ ni 



we have that C mk i C mk /j. This also shows that dim B m > dim C mk j for 1 < k < q, 



therefore B m <2 C mkI , 1 < k < g.But C mkI <2 B m because B rn C V{x^ ni) ) and C mkI <2 



V(x ( qni) ) for 1 < k < q. We thus have that C mkI £ B m and B m £ C mkI . We conclude 
the corollary from the fact that by construction = Vfl k=1 C mk i U B m . □ 

To understand the general case, i.e. to find the irreducible components of C^ m where C has 
a branch with g Puiseux exponents at , since for kn\(i\ < m < (k + l)nipi, m, k £ N we 
know by corollary 4.2 the structure of the m-jets that project to V(x^\ • • • , x^ ni ^)f\C® ni o, 
we search to understand for m > kri\fi\ the m-jets that projects to 

V(xf,-.. ,xi kn ^)nD(x^),le. Ct:=^] kni0i (V(x ( °\... ,x^)nD(x^)) red . 
Let m, k G N be such that m > kn\fi\. Let j = max{l, rii ■ ■ ■ n\-\ divides k}(we set j = 2 
if the greatest common divisor (k, n?) = 1 or if g = 1). Set k such that k = nri2 ■ ■ -%-i, 
then we have kn\ = k — ^ — 



rij ■■■rig 



Proposition 4.5. Let 2< j < g + 1; fori = 2,..,g, and kn\{5\ <m< KZi-ij^, we have 



0i 

£/ia£ 

Cm = T m r_5l_l (Cj. 



w/iere 7r m r ™ i : 



C ? m i is £/ie canonical map. For j < g + 1 anc? m > nj3j,we 

Ln„- ■••n/i ^ 



m 
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Proof : Let <fi € C*. Let : SpecC[[t]] — > (C 2 ,0) be such that that lifts 4> = 4> 
mod t m+1 . Let / G C[[x,y]] be a function that defines the branch C 1 image of <fi. we may 
assume that the map SpecC[[t]] — > C induced by <j> is the normalization of C. Since 
ordtXQ o 4> = kni,ordtXi o <fi = kmi, (ordfXo o = feni) the multiplicity m(/) of (7 at the 
origin is ord Xl f(0,x 1 ) = kn x = k P° ng . 

Claim : If (/, /) < nei-t^- then (/, /) = • • • n fl (xj, /) . 

Indeed, we have that — ^/'ff" , < ej-il 1 , therefore by corollary 3.5 we have that 

ord y f(0,y) 1 Po' J J 

°f(f) < 7T = 

j_ i i_ 

Let y(xi 3 o) 1 z(x ni "' ni - 1 ) and u(x m( -f>) be respectively Puiseux-roots of f,Xi and /. There 

go ,r, 

exist w, A G C such that w"»-"9 = 1, A" 1 "- 1 = 1 and 

i j_ 
o/(/) = ord a; (u(Ax m (/) ) - y(x"o )) 

and 



Of(xi) = ord x (y{x f) o ) — z(wx ni "' ni - 1 )). 
Since Of(f) < Of(xi), we have that 

i. j_ j_ i 

Of(f) = ord x (u(Xx m< -^ ) — y(x l3 o ) + y(x"o ) - z(to"1"'"'-i )) 



= ord x (u(\x m <.f>) - z(wx n i- n i-i)) < o Xi (f). 
On the other hand, there exist A and 8 EC, such that \ m (fi = 1, <5^° = 1 and such that 



o Xi (f) = ord x {u{\x m ^) - z(x n i- n i-i)) 

and 



Of(xi) = ord x (y(8xf i o ) - z(x n i-"i-i )). 

We have then that 



°xi(f) = ord x (u{\x m ^ ) - y(8x l3 o ) + y(8x l3 o ) — z(wx ni '"" i - 1 )). 

Now 



ord x (u(\x m< -V ) — y(Sx^o )) < o/(/) < o/(xj) = ord x (y(8x o ) - zfra" 1 '""'- 1 )). 

So 

i j_ 
0^(7) = ord x (u(\x™(f)) -y(8xPo)) < o f (f). 

We conclude that o/(/) = o Xi (f), and since the sequence of Puiseux exponents of 
^ is (^^"'"' '^^")' applying proposition 3.4 to C and Cj, we find that (/, f) = 
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rii ■ ■ ■ n g (xi, /)o and claim follows. 

On the other hand by the corollary 3.5 applied to / and /,(/, /)o > if arid 

only if Of(f) > % = o Xi (f) = o f (xi) so o/(/) > ^ if and only if o^/) > therefore 



( x iif)o > K ~J^- This proves the first assertion. 

The second assertion is a direct consequence of lemma 5.1 in |GP| . □ 
To further analyse the C^'s, we realize, as in section 3, C as a complete intersection in 
C 9+1 = Spec C[xo, • • ' ; x g ] defined by the ideal (/i, • • • , / s ) where 

f. _ „. , _ (V™* _ „.„Ao . . . „ 6 «(i-l) _ _. „70 . . ™7i\ 

,/j — •^j+l c i x o i— 1 / °i,7 J '0 i / 

7=(70,- ,7i) 

for 1 < z < g and = 0. This will let us see the C^'s as fibrations over some reduced 
scheme that we understand well. 

We keep the notations above and let 1^ be the radical of the ideal defining in C^ 1 " 1 and 
let I™ be the ideal defining = {V(I° m , x< 0) , ■ ■ ■ , xf ni ~ 1] ) n D{xf ni) )) Ted in D(xf ni) ). 

Lemma 4.6. Let k ^ 0, j and k as above. For 1 < i < j < g (resp.l < i < j — 1 = g) 
and for nrii ■ ■ ■ rij^iPi < m < nni + \ ■ ■ ■ nj_i/3 i+1 , we have 

( K Po l) 
rOk _ ( JO) J n r- n 9 ' 

1 m ~ K^O ' ' ' ' ' x ' 

(o) T ([ « ! +r- 9 ]) 

F/ 0) ,...,F/ m) ,z + l</< 5 -l). 

Moreover for 1 < I < i, 

(*-=t£-) ( K ^) 6 » 



7 // (0) P-ng l \ (0) "», + r'nJl 

mod {{x\ ' ,x l )o<l<i,xi+v- ,x i+1 ), 

forl<l<i and < n < K^^fresp. I = i and k-^- <n< \ — ^ — ]) 

, , ( K _a_)n,-1 ( K ^i_ +n _ K ^_) 

Ff^ = -{nix\ n i'" ng x "i"'™ 9 n r -n g '_ 
b lh x ■■■x h x h + 

0<h<l-l 

{K -Eh_ +n _ K _nih — i) 

//,!•••..<•;. nj - na ,•••)) 
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(«— ^ !) fn\ ([ D 

(0) Kln i+l--- n g u \ 



for 1 < I < i and K n +^ < n < m(resp. I = i and [ n . + ™.. n ] < n < m), or 



mod {{x\ ■ ■ ■ , x l 3 )o<l<i, ^+1' " " " ' x i+i 

i+l<l<g— 1 anc? < n < m, 

z» _ (n) rr, (0) (n) (0) (nk 

For z = j — 1 = g and m > Kn g f3 g , 

T 0k _ (JO) U0o-i) 

„(0) p(Kni/3i) i <- / _ 

~ (n) 
where for 1 < I < g and nnifii < n < m, the above formula for iy remains valid, 

\f>„ 



,(o) Jit&l-lh 



mod ((xj V ■ ■ ,x\ 1 ))o<i< 9 
and for nn g j3 g < n < m, 

P {n) = _/„ ^(«/f 9 ) n9 " 1 T ,(«A J +™-«™ 9 /3 9 )_ 

r g — V^g^g x g 
r /, J"fo) bgh A^foh- 1 ( K h+n - Knh h ) (/s^H) 6 ^- 1 ) 

0</i<S-l 

mod ((x\°\--- i4 Kft_1 '))o<i<s 

Proof : First assume that Krij • • • rij-iPi < m < nni + i ■ ■ ■ nj-\j3i + \ for 1 < i < j < g (resp. 
1 < * < j — 1 = g)- By proposition 4.5, we have that = tx^, m i (C t fc . 1 r m ,) 

where 7f m r m i : C 2 — >■ C 2 m i is the canonical map. Now C 2 = Spec C[xo, xi](resp. 

Cj+i = V(xi + i)) is realized as the complete intersection in C 9+1 = Spec C[xq, ■ ■ ■ ,x g ] de- 
fined by the ideal • • • , / fl _i)(resp. (/i, • • • , Xj+i)). So since m > kn\j3i,I^ is the 
radical of the ideal = 

(JO) Jkni-l) JO) Jtai-1) p (0) p (m) 

l x >""" ' x ' x l '1 '1 '1 ' 

p(0) p (m) (0) ([ n, + r- 9 ]) N 

We first observe that = mod {x^\ • • • , x^ ni ~ l \ xf \ • • • , x^ mi ~^) for < n < 
kri\B\. Now since - ™ > [ - " 1 > kn\m\, we have 

J-r' 1 ri2--ri g — tri2---n g i — id 



f (b irai ) E _ (;(; (HV Cl 4 



(fcni) r 



1 , 
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marl (r {0) ■■■ r (fcni_1) r (0) ■■■ r^™ 1 '^ r {0) ■■■ T {[ ^^ ]) \ 

and 

F{ ; = -(riix\ ' x\ ' — micixg ; x ; ) 

iff f„,(°) (fcm+ra-fcraimi-1) (0) ftmi+n-tnimj-l), 

"T^Il^Xg , • • • , Xq , jXj ; 

Wfr (0) ■■■ r^™ 1 " 1 ) T (0) ■■■ r^™ 1 " 1 ) r (0) ■■■ J 1 ^^^) 

UbUU \Xq , , Xq iJ'I I ) x 2 , ,X 2 ; 

for fcni^i < n < \ n ™. n ]• Finally, for / = 1 and [ W2 !!! TO ] < n < m, or 2 < I < g — I and 
< n < m, we have 

p(»)_>) +H,(r {0) ••• r (ri) ••• r (0) ••• r (n) l 

As a consequence for i = 1, the subscheme of C s+1 nD(x fcni ^) defined by i^ fc is isomorphic 
to the product of C* by an affine space , so it is reduced and irreducible and = Im ls a 
prime ideal in C[x °\ • • • , x^ n \ • • • , xf*\ • • • , Xg" 1 ^] (k ni ) , generated by a regular sequence, 

Xq 

i.e the proposition holds for i = 1. 

Assume that it holds for z < j — 1 < ^(resp. i < j — 2 = g — 1). For rcnj+i • • • rij-if3 i+1 < 
m < Kfii + 2 • • • rij^i(3 i+ 2, the ideal in C[x^\ • • • , x Q m \ • • • , xf\ • • • , x^™ - "*] (k ni ) generated by 



o 

I ok -= — _ is contained in &. By the inductive hypothesis, xi°\ • • • , x, " j 
i" ofc , for Z = 1, ■ ■ ■ , i + 1. So & is the radical of 

K7l i+ l-Tlj_l/3 i+1 -l 



r*0fc _ / (0) _ v "j-"s 

J m — V x ' ' x ' 

x[ 0) ,--- ,x^ _1) ,f/ 0) ,-.. ,F/ m) ,l<l<i + l, 
(o) 



if 0) 1 -^ m) ) : + 2<I<j-l) 



Now for < n < K "' ft ,we have 



(«) - J n ) ™„a (J°) J n r- n 9 ' jo) 



= x l+1 mod (x , 



(_!^Q ^ 1} 

v -n, - ■ • ■ n. r, ' fill *■ tj, - • ■ • n. « ' 



> I > £ ' » / 



1 < Z < i + 



Here since > nj/3,, for 1 < Z < i and — ^ — > [ — ra — ] > ^i±lh+l we can 

delete F, (ri) , l<Z<i + l,0<ra< " n 'ff from the above generators of J* ofc without 

changing the generated ideal. The identities relative to the F, for 1 < Z < i + 1, < 

n<m or i + 2<l<g — 1 and < n < m follow immediately from (o). So here 
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again the subscheme of C 9+1 D D{x^ ni " > ) denned by is isomorphic to the product 
of C* by an affine space , so it is reduced and irreducible and I^ k = Im ls a P r i me 
ideal in C[x^\ • • • , Xq"^, • • • , x g °\ • • • , x g m ^] ( feni ) , generated by a regular sequence, i.e the 
proposition holds for i + 1. 

The case i = j — 1 = g and m > nn g j3 g follows by similar arguments. □ 
As an immediate consequence we get 

Proposition 4.7. Let C be a plane branch with g Puiseux exponents. Let k / 0,j and 
k as above. For m > knif}\, let n m> kmPi '■ C m — > Cfc„ lj g 1 be the canonical projection 
and let C k m := ^^(^t^) H V{xf,--- , xf ni_1) )W Then for 1 < i < j < g 
(resp.l < i < j — 1 = g) and nni • • • nj_i/3j < m < Krii + i ■ ■ ■ rij-if3 i+1 , is irreducible of 
codimension 

— - — (A) + 0i + - thM + ([ m ] - -^-) + 1 

nyrig n i+1 ---n g n r --n g 



in C 2 m . 



For j < g and m > k(3j ( resp.j = g + 1 and m > nn g f3 g ), 

C k = 

(resp. Ci^ is of codimension 

9-1 _ 

k(A> + 0i + 52(Pi+i - nipt)) + m - Kn g g + 1) 
i=i 

m C 2 m . 

For k' > k and m > k'nifii, we now compare codim(C^,C^) and codim(C^,C^J. 
Corollary 4.8. For k' > k > 1 and m > k!n\fi\, if C^ and are nonempty, we have 

codim(C^,C 2 m ) < codim(Ci,C 2 m ). 

Proof : Let j k : [kni/3i,oo[ — > [k(ni + mi), oo[ be the function given by 

j\rn) = A (/ 3 + ft + g(ft _ nim + (™ - + 1 

ei |— j' e« ei 

for 1 < i < 5 and < m < g±L and 

7 fc (m) = -(/3 + ft + £(ft +1 - n,ft)) + (m - ^) + 1 
ei ^ ^ 
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for i = g and m > ' '" 



n 2 ---n„ 



In view of proposition 4.7 , we have that codim(C^ l ,C^) = [7 (m)] for = mod 

ri2---n J _ 1 



fe/3 ■ 

ri2 •• • rij-i and k ^ mod rt2 • • • with 2 < j < g and any integer m G [/cni/3i, - _ n J '. — [ or 



for A; = mod r&2 • ■ ■ n s and any integer m > kn\(3\. Similarly we define 7^ : [fe'ni/3i, 00 [ — > 
[k'{n\ + mi),oo[ by changing k to k'. 

Let T k (resp.T k ) be the graph of 7 fc (resp 7 fc ) in M 2 .Now let r : M? — > M? be defined by 
r(o, 6) = (a, 5 - 1) and let A fc '/fc : M 2 M 2 be defined by A fc '/ fc (a, 6) = f (a, 6). We note 
that T(r fe ') = A fc '/ fc (r(r fc )); we also note that the endpoints of r(T fc ) and r(T fc ') lie on the 
line through with slope Ss±^, = J_M+mi < J_ Si £ > 1 the image of r(r fc ) by 

& ^ e\n\P\ ei nimi ei A; — ' & V / •> 

yk /k j- g Qn g^ggt Q f jj2 w j 1 j^h boundary the union of T(T fc ), of the segment joining 
its endpoint (knifii, ^-(/?o + Pxj) to (A;ni/3i,0) and of [fcni/3i,oo[ x 0. This implies that 
7 fc (m) < 7 fc (m) for m > k'n\P\ , hence [7* (m)] < [7^(771)] and the claim. 

□ 



Theorem 4.9. Let C be a plane branch with g > 2 Puiseux exponents. Let m G N. 
For 1 < m < niPi + eijC^ = Cont >0 (xo) m is irreducible. For qn\fi\ + e± < m < 
(g_ + l)ni/3i + e\,with q > 1 inN, f/ie irreducible components of C^ are : 



Cmni = Coni&o^xo), 

for 1 < k and k(3qPi + e\ < m, 



= Cont n i ~ n 9 ( Xo ) m 

for j = 2, • • • , 1 < k and k ^ mod n,- and suc/i i/iai nn\ ■ ■ ■ nj_i(3\ + e\ < m < re/?,-, 



Cont >ni9 (x ) 



Proof : We first observe that for any integer k 7^ and any m > knifii, 



{C° m )red = Ul<h<kCt U Cont >fcni (x )r 



where C, 



h 



as above. Indeed , for k = 1, we have that (C^Jred C 
Arguing by induction on k, we may assume that 



4.1 



Cont hni (x ) 
V(xq > \ • • • , Xq™ 1 l ') by proposition 
the claim holds for m > (k — l)ni/3i.Now by corollary 4.2 we know that for m > knifii, 

Cont > ( fc ~ 1 )™ 1 (xo)m C V(xq , ' ' ' j^o^" 1 )> hence the claim for m > kn\j3\. 
We thus get that for qn\fi\ + e± < m < (q + l)rti/3i + ei, 



(C^) red = Ui<jfe<,C* U Cont>^^o) m . 



By proposition 
that if Ci / 



4.7 



for 1 < < q, is either irreducible or empty. We first note 
then C^ <£ Cont >qni (xo) m . Similarly if 1 < k < k' < q and if 
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4.8 



wc 



C^j and are nonempty, then C*. On the other hand by corollary 

have that e»dim(C*', C^J < codim{C^C 2 m ). So C% £ Cfa. Finally we will show that 
Cont >qni (x ) m <£ Cj, if / for 1 < k < q. To do so, it is enough to check that 
codimip^ C-m) — codim(Cont >qni (xo) rn , C^J. For m G [gnipi + ei, (g + l)ni/?i [, we have 

5 q (m) := C0 ^m(Cont>^(^o)m, C 2 m ) = 2 + g(m + m x ) + [I^Z|^] + [ m ~ gm ^ ] 

Po Pi 

by corollary 4. 2. Let A 9 : [gnipi +ei[ — )• [g(«i + mi), oof be the function given by \ q {m) = 
q(n\ + mi) + m ~ gni ^ 1 + 1. For simplicity, set i = m — gniPi.For any integer i such that 

d < i < = mmiei, we have 1 + [^r] + [ m ' e ] < [^~]- Indeed this is true for i = e\ 
and it follows by induction on i from the fact that for any pair of integers (b, a), we have 
[^jjp] = [^] if and only if b + 1 ^ mod a and [^jp] = [^] + 1 otherwise, since i < n\m\e\. 
So 8i{m) < X'(in) . 



But in the proof of corollary 4.8 we have checked that if 7^ 0, we have codim(C^,C^J = 
[7 fc (m)]. We have also checked that for q > k and m > gni/3 7 fc (m) > 7 9 (m). Finally in 
view of the definitions of j q and A 9 , we have 7 9 (m) > X q (m), so [ 7 9 (m)] > [A 9 (m)] > 5 q (m). 



For m = (q + l)mpi, we have 5 q (m) = (q + l)(ni + mi) + 1 by corollary 4.2 For 
m € [(g+l)m/9i, (g+l)n Xy 5i+ei[, we have Cont >qni {x Q ) m = C^ 1 UCont >{ -^ ni {x Q 
Cont>( q+1 ^(x ) m = V(x { °\ • • • ,x ( {q+1)ni) ,xf\ ■ ■ • ,4 (9+1)mi) ) again by corollary 



m and 
1 If 



4.2 



in addition we have m < (g+l)p2, then by proposition 4.5 C$t l = V(xq > \ • • • , £ ^ +1 ^ ni 1 ) j 



'1 ' 



Cl x$ q+l>ni > L )n D(x$ q+L,m) , thus we have 



Cont >qn i(x ) m = C^ +1 and 5 q {m) = (q + l)(m + mi) + 1. We have (q + l)raip\ + ei < 
(q + l)/3 2 if g+ 1 > ri2, because (3 2 — niPi = mod (e.2) ■ If not , we may have (g + l)/3 2 < 
(g+l)ni/3 x +ei, so for (g+l)/% < m < (g+l)mpi+ei, we have C^ +1 = 0, Cont >qni (z ) m = 
Coni > ( g+1 )" 1 (a;o)m and <5«(m) = (g + l)(n x + mi) + 2. 

In both cases, for m G [(g+ l)ni/3i, (g+ 1)tt.i/3i + ei[, we have 5 q (m) < (g + l)(ni +mi) + 2. 
Since [A 9 (m)] = g(ni+mi)+nimi + l, we conclude that [A 9 (m)] > 5 q (m), so for 1 < k < q, 
if / 0, we have [ 7 fc (m)] > <5<?(m). This proves that the irreducible components of 
are the C^ for 1 < k < q and 7^ 0, and Cont >qm (xo) m , hence the claim in viewof the 
characterization of the nonempty C^ s 's given in proposition 4.5. 

□ 



Corollary 4.10. Under the assumption of theorem 4.9, let go + 1 = min{a G N;a(/3 2 — 
niPi) > ei}. Then < go < ri2- -For 1 < m < (go + l)ni/3i + ei, zs irreducible and we 
have codimiC^, C^J = 

m 777- 

2 + [ o-] + [ a - ] Z 07- < 9 < go and gnipi + ei < m < (q + 
Po Pi 



or < g < go and (g + l)/3 2 < m < (g + l)ni/3i + ej. 



i + hH + hd /° r °<°<Qo and (g + l)ni/3i < m < (g + l)/3 2 
Po Pi 

or (g + l)ni/?i < m < (g + l)ni/3i + ei. 
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For q > qo + 1 in N and qn\j3\ + e\ < m < (q + l)nif3\ + e±, the number of irreducible 
components of is: 

and codim(Cm,Cy ^ 



m m 

2 + M + M f° r qni(5 1 + e 1 <m<{q + l)n 1 ^ 1 . 
po pi 

Tfl Tfl 

i + bH + hH /° r (9 + l)m/3i < m < (g + l)m/3i +ei. 
Po Pi 

Proof : We have already observed that n 2 (/3 2 — n ip\) > ei because /3 2 — = mod 

(e 2 ), so 1 < q + 1 < n 2 . 

For qn\j3i + e\ < m < (q + l)^i/3i + ei, with q > 1, we have seen in the proof of theorem 
4.9 that the irreducible components of are the for 1 < A; < q and 7^ and 
Cont qni (xo)m- We thus have to enumerate the empty C!^ for 1 < k < q. By proposition 4.5, 
= if and only if j := max{l; I > 2 and A; = mod n 2 • • • Jfy-i} < 5 and m > n2 . k n . 

Now recall that > n,if3 i for 1 < i < g — 1 and that /3 2 — ni/3i > e 2 . This implies that 
for 3 < j < g, we have /3 • — ni • • • n J _i/3 1 > n 2 • • • nj_i(/3 2 — «ip\) > n 2 ■ ■ • nj_ie 2 > ei. 
So if j > 3 and k is a positive integer such that m > k/3j, we have > kti 2 • • • ny_i, 

hence q = > «n 2 • • • nj_i. Therefore for j > 3, there are exactly [S] integers k > 1 

such that m > and Kn 2 • • • rij-i < q, among them [-%-] are = mod (rij). 

Similarly if (q + l)n\f}\ +ei < (g + 1)/3 2 , or equivalently g > qo, and if k is a positive integer 

such that m > k/3 2 , we have k < =p < q + 1. Therefore if g > ^ + 1, we conclude that 

"2 

there are (Hrl ~~ [~lH) em Pty C^'s with 1 < k < q. Moreover we have shown in the 

proof of theorem 4.9 that codim(C^, C^) = codim(Cont >c > ni (x ) m , <C 2 m ) = 2 + [^] + [^] 
if m < (g + l)ni/3i(resp.l + (<? + l)(m + mi) = 1 + [^] + [^] for m > (q + l)mp\).Also 

note that (?o/5 2 < ^0^1/^1 + ei < (qo + l)ni/?i + e\ < ((70 + l)/3 2 < n 2 /3 2 < /3 3 • • • . Therefore 
for g ni/3i + ei < m < (g + l)mp\ + ei, we have [m] = g , [-%-] = [¥] = ■ ■ ■ = 0, so 

P2 n 2P2 P3 

N(m) = 1, i.e. is irreducible. 

Finally, assume that qn\j3\ + e\ < m < (q + l)ni/?i + ei with q > 1 and g < go- Since 
?0 < n 2> for 1 < A; < g we have k ^ mod(n 2 ) and m > qn\fi\ + e± > q(3 2 , hence 
for 1 < k < q,C^ = and = Conti ni (x ) m is irreducible. (The case q = qo was 
already known). So for n\{i\ < m < (qo + l)n\Pi + e\, C® n is irreducible. ( Recall that for 
1 < m < qonifii + e±, the irreducibility of is already known). It only remains to check 
the codimensions of for 1 < m < qon\fii + ei. Here again we have seen in the proof of 
Theorem 4.9 that codim(C^ l ,C^ n ) = codim(C ont >qni (xo) m , C^J =: 5 q (m) for any g > 1 
and qnifii + e\ < m < (q + l)ni/3i + e\ and that 5 q (m) = 

vn m 

2 + [ o~] + [~a~1 f or an y 1 — 1 anc ^ 9«i/?i + ei < m < (g + l)ni/3i 
Po Pi 
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(g + l)(ni+mi) + 1 = 1 + [—] + [—] for q < q and (g + l)nift < m < (g + l)/3 2 

Po Pi 

(g + l)(m + mi) + 2 = 2+[— ] + [— ] for q < q and (g + 1)/3 2 < m < (g + l)mft + ei. 

Po Pi 

This completes the proof. 

□ 

In [I], Igusa has shown that the log-canonical threshold of the pair ((C 2 , 0), (C, 0)) is ^ + ^- 
Here (C 2 , 0)(resp.(C, 0))) is the formal neighberhood of C 2 (resp. C) at 0. Corollary .4.10 
allows to recover corollary B of [ELMJ in this special case. 

Corollary 4.11. If the plane curve C has a branch at 0, with multiplicity ft), and first 
Puiseux exponent ft, then 

codirn(C°,Cl,) 1 1 

mm m v m ' = — + — . 

m + 1 ft ft 

Proof : For any m,p ^ in N, we have m — p[^] < p — 1 and m — p[^] = p — 1 if 
and only if m + 1 =0 mod (p); so for any m £ N, 2 + + [^] > (m + 1)(^ + i-) 
and we have equality if and only if m + 1 = mod (ft) and mod (ft) or equivalently 
m + 1 = mod (nift) since mft is the least common multiple of ft) and ft. If not we 
have 1 + [f Q } + [£] > (m + 1)(£ + £). Now if (g + l)mft < m < (q + l)mft + ei with 
q £ N,we have (q + l)nift < m + 1 < (q + l)nift + e% < (q + 2)nift, so m + 1 ^ 
mod (nift). If (q + l)nift < m < (q + l)ft> with q G N and g < g , then (g + l)mft < 
m + 1 < (g + l)nift + ei < (g + 2)nift, so m + 1 ^ mod (nift). So in both cases, we 
have 1 + [£] + [f^\ > {m + 1)(-^ + i-). The claim follows from corollary 4.10. 

□ 

It also follows immediately from corollary 4.10 

Corollary 4.12. Let go £ N as in corollary 4.10. There exists nift linear functions, 
Lo, • • • ,L ni( g 1 _i suc/i £/ia£ cZim(C^j) = Lj(m) /or any m = i mod (nift) suc/i £/ia£ m > 
g nift + ei. 

The canonical projections ir m+ i jm : C^ +1 — )• C^,m > 1, induce infinite inverse 
systems 

• • • -Bm+i — ► 5 m • • • — >■ Si 

' ' " C(m+l)«J >■ C mK r • • • > C( K /3 /3i+ei)ft/ > B K p p 1+ei -i 

and finite inverse systems 

^( K p.-l) KV ^ ^Lkv " " " ► ^(reni-'-ry-ift+ei)/™ ^ni-nj-ift+ei-l 
for 2 < j < g, and k ^ mod (n^). 

We get a tree T^o by representing each irreducible component of , m > 1 , by a vertex 
Vi,m, 1 < i < N(m), and by joining the vertices nj ljm +i and fj , m if 7Tm+i,m induces one 
of the above maps between the corresponding irreducible components. We represent the 



4 JET SCHEMES OF COMPLEX BRANCHES 20 



tree for the branch defined by f(x, y) = (y 2 — x 3 ) 2 — 4x 6 y — x 9 = 0, whose semigroup is 
(4,6,15). 




I 



15 = ft 

14 = ni/?i + ei i. 
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This tree only depends on the semigroup T. 
Conversely , we recover /3 , ■ ■ ■ , fi g from this tree and max{m,codim(B rn ,C^ n ) = 2} = 
/9 — 1. Indeed the number of edges joining two vertices from which an infinite branch 
of the tree starts is /3oPi. We thus recover P 1 and e\. We recover (3 2 — ni/3 1; --- ,/3j — 
n\ ■ ■ ■ rij-iPi, • • • , /3 g — n\ ■ ■ ■ n g -i/3 1 , hence /3 2 , ■ ■ ■ ,P g from the number of edges in the 
finite branches. 

Corollary 4.13. Let C be a plane branch with g > 1 Puiseux exponents. The tree Tqa 
described above and max{m, dim = 2m} determine the sequence (3 Q , ••• ,/3 g and con- 
versely. 
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